Abstract-Gas-insulated substation (GIS) equipment served in the traction power-supply system (TPSS) of the high-speed railway (HSR) suffers from extremely severe traction load conditions during its lifetime. In this paper, three major issues related to the actual field maintenance operations of GIS equipment in TPSS are addressed: 1) s-dependent degradation and shock process; 2) both spatial and temporal failure thresholds of shocks; and 3) incomplete maintenance (i.e., nonignorable maintenance time). To model the deterioration and failure process of GIS equipment, the hard failure model and the soft failure model are proposed. The characteristic function is utilized to bridge the s-dependent degradation and shock process in the soft failure model, while the extreme shock model (with spatial threshold) and δ-shock model (with temporal threshold) are introduced in the hard failure model. Furthermore, the index of availability, which combines both reliability and maintainability, is derived under the incomplete maintenance consideration. Based on the balance of availability and maintenance cost, the maintenance strategy with periodic inspections for GIS equipment in the long-run time span is developed. Optimizations of three decision parameters (i.e., inspection period, extreme shock threshold, and δ-shock threshold) are implemented to achieve the best performance (with high availability and low maintenance cost) of the maintenance strategy.
HSR, the traction power supply system (TPSS) consumes and transforms power energy from utility power system and feeds power energy into the high-speed trains [1] . With the increasing speed of HSR, requirements for reliability of TPSS are also rising, leading to a widely application of gas insulated substation (GIS) equipment in TPSS of HSR. Therefore, to make a clear exploration of failure mechanisms and to develop an efficient maintenance strategy for GIS equipment served in TPSS are crucial considerations in the comprehensive operation and maintenance period of HSR.
However, comparing to the general utility power system, GIS equipment served in TPSS suffers from far more failures and brings maintenance forces much more working pressures. The reason lies in that the power load in the TPSS, which is called the traction load, is tremendously different from the general power load in the utility power system. Traction load in TPSS is prone to produce frequent and abrupt shocks due to the dynamic operation features and asymmetric electrical structure of TPSS [2] [3] [4] . Therefore, GIS equipment served in TPSS is under extremely severe load conditions all through its lifetime, leading to a significant number of failures, with considerable maintenance activities required.
To address this issue, a pioneer paper [3] has discussed the basic deterioration process, failure mechanisms and maintenance decisions of GIS equipment served under TPSS traction load conditions. Failure of GIS equipment has been modeled by a competing failure mode of two independent failure mechanisms-the degradation process and the shock process. Furthermore, the optimized maintenance strategy with periodic inspections has been developed, to achieve the best reliability and economy in TPSS in the long-run time span of GIS equipment service. However, in order to present ideas concisely with mathematical complexity as few as possible, several simplified hypotheses were introduced in [3] , which might not fit the actual field situation exactly as follows.
1) The progressive degradation process and the random shock process are assumed to be independent. But in fact, shocks by traction load can accelerate the degradation of GIS equipment. This results in the statistically dependent (s-dependent) relationship between the degradation and shock process. 2) Not only a single shock with extreme magnitude is fatal, but also two successive shocks with too short time interval 0885 -8977 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
can exceed the load tolerance and lead to a failure of GIS equipment. 3) Practically, maintenance activities are not able to be instantaneous but take a period of time to restore the GIS equipment. In other words, maintenance is actually "incomplete" in the field situation of TPSS. Although in the area of electric power system, some of the researches have concerned the balance of reliability and cost efficiency in the maintenance decision process [5] [6] [7] , few related researches have been reported to deal with the above actual field problems. However, some studies have given theoretical solutions in the aspect of theoretical reliability or statistical mathematics. For the s-dependent relationship, the degradation was considered either as an accumulated wear due to catastrophic shocks [8] , or with non-constant thresholds shifting with shocks [9] . Furthermore, the s-dependent degradation and shock process could also be expressed by a single stochastic process based on Lévy subordinators [10] . With regard to the shock failure criterion, shock processes tended to be described by mixed forms of several classic shock models, such as the extreme shock model, the cumulative shock model, the δ-shock model and the run shock model [9] , [11] , [12] . As for the incomplete maintenance, most of the studies distinguished the complete maintenance and incomplete maintenance based on a definition of maintenance degrees [13] [14] [15] . They defined the incomplete maintenance as a status between boundary cases of "do-nothing" and "restoreto-as-good-as-new" [15] . However, few attempts have been reported on the concern of the maintenance time.
This paper is an extension of [3] , aiming to deal with the aforementioned actual field problems. A more precise and more complete failure model is presented, as well as a more reasonable and more practical maintenance strategy is developed, for the actual field service situation of GIS equipment in TPSS of HSR. On the basis of [3] , this paper makes the following contributions.
1) The degradation process and the shock process are considered as s-dependent, which reflects the acceleration effects of load shock on degradation of GIS equipment. And the method of characteristic function is introduced to bridge these two non-identically distributed stochastic processes. 2) As for the shock process, both spatial and temporal failure thresholds of shocks are allocated, with corresponding extreme shock model and δ-shock model proposed to jointly describe the shock process.
3) The condition of incomplete maintenance, i.e., nonignorable maintenance time, is principally taken into consideration. The index of availability which combines both reliability and maintainability is introduced to present the decision and optimization method of maintenance strategy for GIS equipment served in TPSS.
II. FAILURE MODELING
In the traction load condition of TPSS, the progressive degradation and the random shocks are respectively the internal aging cause and the external traumatic cause of GIS equipment failures. In order to make a distinction, failures caused by progressive aging are defined as the soft failures while those sudden traumatic failures are defined as the hard failures, in the remainder of this paper. Though it must be noted that shocks not only directly contribute to the hard failure, but also accelerate the degradation rate [8] , in other words, making an indirect contribution to the soft failure of GIS equipment. The acceleration effect by shocks is a behavior that each shock adds an additional abrupt degradation damage on the original smooth degradation process. This is how the degradation process and the shock process become two s-dependent processes. Consequently, soft failures are actually caused by progressive degradation with additional abrupt degradation damages due to shocks, and hard failures are caused by instantaneous stresses from the same shock process.
A. Hard Failure Modeling
Since traction load of TPSS generating shocks with both temporal and spatial randomness, thresholds associated with both time and space should be taken into consideration. Therefore, two specific shock models-extreme shock model and δ-shock model [12] -are introduced to describe the hard failure.
As presented in [3] , the arrival time of shocks is assimilated by a homogeneous Poisson process {S(t), t ≥ 0} with intensity λ S , while the magnitude of the ith shock (is denoted as
is the total count of shocks arrived before t and the probability of S(t) = k is given as
1) In the extreme shock model, the GIS equipment immediately fails when magnitude of any shock exceeds a spatial threshold H. Thus the probability of survival is obtained as
where F Y (H) is the cumulative distribution function (CDF) of Y i evaluated at H, and Φ(·) denotes the CDF of a standard normally distributed variable.
2) In the δ-shock model, failure occurs when the inter-arrival time of two sequential shocks is less than a temporal threshold δ. Assuming the time interval between the ith and (i + 1)th shock is denoted by I i , as a result of homogeneous Poisson process, I i is an exponentially distributed random variable with rate λ S . Therefore, the probability of survival can be derived as
If the ordinal number of fatal shock (due to both extreme shock and δ-shock) in a series of shocks is denoted as N S , together with (2) and (3), the probability that the GIS equipment survives from hard failures by the ith shock is expressed by
B. Soft Failure Modeling
Besides shocks produced by the traction load, the deteriorating and aging are also leading to failures of GIS equipment served in TPSS of HSR. The stochastic degradation process {X(t), t ≥ 0} is modeled by a gamma process with shape parameter α and scale parameter β, as proposed in [3] . However, considering the acceleration effects by shocks, a characteristic function based method is proposed to derive the probability of survival.
The characteristic function in probability theory and statistics is defined as the Fourier transform of the probability density function (PDF) [16] . The utilization of characteristic function dramatically simplifies convolution operations in correlation with probabilities of those independent but non-identically distributed random variables [17] . Therefore, the non-identically distributed random variables in two non-identically distributed stochastic processes-compound Poisson process and gamma process-can be effectively bridged by characteristic function in this issue.
In respect of the gamma process, the characteristic function of the gamma distributed random variable X can be expressed as [16] 
where j is the imaginary unit.
With regard to the compound Poisson process, shocks arrive according to the homogeneous Poisson process {S(t), t ≥ 0}. Furthermore, the damage caused by the ith shock is denoted as an independent and identically distributed (i.i.d.) random variable Z i for i = 1, 2, · · · , S. Then the compound Poisson process {S Z (t), t ≥ 0} which compounds temporally stochastic arrival time and spatially stochastic damage, has the accumulated damage by t (denoted as S Z (t)) given by
Based on the definition of characteristic function of random variable ξ: φ ξ (t) = E(e j tξ ) [17] (where E(·) is the operation of expectation, j is the imaginary unit), together with (6) and the law of total expectation, the characteristic function of S Z (t) is derived as
where E(e j uZ i ) can be substituted by φ Z (u) according to the definition of characteristic function. Together with (1) and the Taylor series of the exponential function, (7) has a further derivation as
It is important to note that the shock damage Z i is a random variable distinguished from the shock magnitude Y i . The shock damage Z i shows the acceleration effects (the additional abrupt damages) on the degradation level X by shocks, while the shock magnitude Y i is the size measurements of every shocks. Thus one can assume that the shock damage Z i is s-independent of the shock magnitude Y i , but also meets a normal distribution
2 ) with expectation μ Z and variance σ Z . Then the characteristic function of shock damage is expressed as [16] 
Under the acceleration effects by shock damages, the overall degradation level of GIS equipment including both continuous degradation and additional abrupt shock damages is X S (t) = X(t) + S Z (t). According to the characteristic function's properties for sum of two independent random variables [17] , together with (5), (8) and (9), characteristic function of the overall degradation level can be derived as
By introducing the remarkable theorem 3 in [18] which describes the functional relationship between the CDF and the characteristic function, the probability of survival for soft failure is given by
where
, and L is a critical prefixed threshold for the degradation level of GIS equipment.
III. AVAILABILITY AND MAINTENANCE MODELING
Since GIS equipment suffers from the competing failure mode of hard failure and soft failure, efficient maintenance strategy should be implemented to ensure high performance of GIS equipment under TPSS traction load conditions in the longrun lifetime span. In the actual field maintenance operations of GIS equipment in TPSS, the following two facts should be taken into consideration.
1) The inspection-maintenance strategy is the most common mode applied in the objects with non-self-announcing failures, such as the GIS equipment of TPSS [13] . Inspections are implemented periodically to reveal the degradation level and to determine soft failures of GIS equipment.
The implementations of maintenance activities depend on results of inspections or abrupt hard failures. Thus in the long-run lifetime span, GIS equipment survives from several failed-maintained cycles, known as the renewal process [14] . 2) Maintenance is incomplete that a finite maintenance time must be counted. Therefore, the high performance of GIS equipment implies not only survival from failures, but also high availability throughout all of its working time, failed time and maintained time. At the same time, a balance should be reached between performance of GIS equipment (i.e., availability) and economic efficiency (i.e., maintenance cost), to finally achieve the best performance of the maintenance strategy.
A. Basic Assumptions
In the inspection-maintenance strategy, periodic inspections are assumed to be implemented instantaneously, completely and non-destructively, which are similar to [3] . However, maintenance is incomplete, which means maintenance activities are not instantaneous any more but take a period of time to be accomplished. Therefore, a maintenance activity can be implemented immediately after an inspection, but it takes a period of time to restore GIS equipment to an as-good-as-new state. And this period of time is defined as the maintenance time.
B. Reliability Indices
Since GIS equipment experiences a series of renewal processes during its life time, several indices should be presented to describe the probability of corresponding random events in both failure and maintenance processes. In failure processes, the reliability indices describe the probability that the GIS equipment survives from all hard failure (i.e., Y i < H and I i > δ) and soft failure (i.e., X S (t) < L).
1) Reliability function, is defined as the probability that GIS equipment survives from all hard and soft failures in the time interval (0, t], and can be derived as
Under the given number of shocks by time t in (12), the events of hard failure and soft failure are s-independent, because of the assumed s-independent relationship between the shock damage Z i and the shock magnitude Y i [12] .
Substituted by (1), (4) and (11) , the reliability function is further derived as
2) Failure probability density function (FPDF), is defined as the probability that any failure happens in the unit time at an arbitrary time t, and can be given by
3) Failure intensity, is defined as the probability that any failure happens in the next unit time at an arbitrary time t, and can be expressed by the following formula with convolution
where v(t) is the maintenance intensity which will be given in (18) hereinbelow.
C. Maintainability Indices
In maintenance processes, considering the incomplete maintenance activities, an exponential distribution with rate λ M is utilized to describe the probability distribution of the maintenance time T M . In comparison with the reliability indices, the maintainability indices of the renewal process are introduced to describe the probability that GIS equipment is successfully restored by maintenance activities. 1) Maintainability function, is defined as the probability that GIS equipment is successfully restored in the time interval (0, t], and can be obtained as the CDF of the maintenance time as
2) Maintenance probability density function (MPDF), is defined as the probability that GIS equipment is successfully restored in the unit time at an arbitrary time t, and can be obtained as
3) Maintenance intensity, is defined as the probability that GIS equipment is successfully restored in the next unit time at an arbitrary time t, and can be obtained as the following convolution
where w(t) is the failure intensity given in (15) .
D. Availability
Availability is one of the crucial performance measures of GIS equipment since it reflects both failure rate and maintenance rate in the renewal process. Based on the proposed reliability indices and maintainability indices, the availability of GIS equipment can be presented. According to the availability definition classified in the time interval consideration [19] , instantaneous point availability and average up-time availability are two of the most essential definitions.
1) Instantaneous point availability, defined as the probability that GIS equipment is operational (no failure occurs) at an arbitrary time t, is obtained by
]dρ is the instantaneous point unavailability defined as the probability that GIS equipment is in failed state at an arbitrary time t.
It is observed from (15) and (18) that failure intensity w(t) and maintenance intensity v(t) are coupled in the expression of each other. In order to decouple these expressions, the Laplace transform is applied to extract failure intensity and maintenance intensity as
W(s), V(s), F(s) and M(s) denote the Laplace transforms of w(t), v(t), f (t) and m(t) respectively, and s is the complex number frequency parameter.
Then the instantaneous point unavailability can be expressed in Laplace transform domain as
Finally, the instantaneous point availability in time domain is derived as
is the operator of the inverse Laplace transform. 2) Average up-time availability, is a specified availability requirement in the time interval (0, T ] in which GIS equipment is operational, and is expressed bȳ
E. Maintenance Cost
Since the deterioration, failure and maintenance of GIS equipment perform as the renewal process, the long-run lifetime span of GIS equipment can be divided into finitely several renewal cycles, in the same way as we dealt with in [3] . Therefore, one can obtain the expectation of combined maintenance cost in a renewal cycle (denoted as E[C(G)]) and the expected number of inspections in a renewal cycle (denoted as E[N I ]) from (9) and (10) in [3] . However, the expected equipment downtime in a renewal cycle (denoted as E[T D ]) and the expected length of a renewal cycle (denoted as E[G]) have different derivations from [3] , because the maintenance time is not negligible.
The downtime T D is the sum of: 1) the period from the equipment failure time τ to the next inspection time N I ΔT , and 2) the maintenance time T M , i.e., T D = N I ΔT − τ + T M . Thus the expected equipment downtime in a renewal cycle is given by
where m is the total number of renewal cycles in the long-run time span, f (t) is the FPDF given in (14) . The length of a renewal cycle G depends on: 1) the count of inspections in this cycle k, and 2) the maintenance time T M , i.e., G = kΔT + T M . Then the expected length of a renewal cycle is derived as
Therefore, by applying the renewal-reward theorem (i.e., (8) in [3] ), the expected long-run maintenance cost per unit time is obtained as equation (27) as shown at the bottom of this page, where C I is the cost of each inspection, C D is the downtime loss rate, and C M is the maintenance activity cost.
Similar to RC presented in [3] , in order to evaluate the maintenance strategy performance over the GIS equipment long-run 
whereĀ(r) is the average up-time availability during the longrun operation time r, given in (24). AC has the significance of the average availability level sustained by unit maintenance cost in the long-run operation time of GIS equipment. A greater value of AC reflects a maintenance strategy with better performance, leading to a higher level of availability while spending less maintenance cost. Therefore, in order to achieve the best maintenance strategy performance, one can optimize the parameters of ΔT , H and δ (which are also known as the decision parameters), to achieve the maximum value of AC.
In addition, the expression of AC will be significantly complex with multiple exponents, integrations and cumulative sums when substituted by (13) , (14), (22), (23), (24) and (27). Therefore, a Monte Carlo simulation method, rather than analytical methods or general numerical algorithms, is applied to calculate AC in the field case study.
IV. CASE STUDY
In the field case study, the chosen object is-the same as in [3] -a 31.5 kV rated gas insulated switchgear equipped on the load side of Xinlechang traction substation, served in the TPSS of Wuhan-Guangzhou HSR in China. Accordingly, the detailed information of the gas insulated switchgear and the traction load data of the TPSS are all given in [3] . Furthermore, values of the parameters in hard failure model, soft failure model and maintenance model are estimated by maximum likelihood estimate (MLE) method, tested by the Kolmogorov-Smirnov (K-S) test, or given by manufacturers and the railway bureau respectively, as the same in [3] . With values of additional parameters such as μ Z , σ Z and λ M supplemented by manufacturers and the railway bureau, a complete list of parameter values is shown in Table I .
After 10 5 times repetitive Monte Carlo simulations, the optimization results are obtained and shown in Figs. 1 and 2 . In order to comprehensively illustrate relationships between the objective function (i.e., AC) and three decision parameters (i.e., ΔT , H and δ), Fig. 1 shows respectively the variation of AC when two of {ΔT , H, δ} change, while the other one is fixed.
It can be seen from Fig. 1 that the average availability per unit maintenance cost AC performs as concave functions of pairwise combinations of inspection period ΔT , extreme shock threshold H and δ-shock threshold δ. In other words, one can adjust and optimize the values of {ΔT , H, δ} to reach the maximum of AC. Based on synthesis of these three surfaces, the maximal AC can be found at 1.542 × 10 −4 . By intersecting these three surfaces with three planes parallel to respective axes at the maximal AC point, three curves about ΔT , H and δ are sketched respectively in Fig. 2 .
In Fig. 2(a) , although with a certain extent of fluctuation, AC experiences an overall upward trend with the increase of ΔT . Then AC reaches the maximum of 1.542 × 10 −4 at ΔT = 2978.40 h, followed by first a plateau but then a decline in the studied long-run time span. It can be seen from Fig. 2(b) that AC is on the rise as the increase of H. With an acceleration and deceleration of the rise, AC remains stable at the summit of 1.542 × 10 −4 when H increases to 3060 A. Fig. 2(c) shows a monotonically downward tendency of AC, starting at its peak of 1.542 × 10 −4 , with the growth of δ beginning with 17.52 h. To sum up, as for the gas insulated switchgear served in the TPSS of Wuhan-Guangzhou HSR in this case, the optimal maintenance strategy should be implemented under the inspection period at 2978.40 h, the extreme shock threshold at 3060 A and the δ-shock threshold at 17.52 h, to achieve the maximal average availability per unit maintenance cost at 1.542 × 10 −4 . By comparing the optimization results in Fig. 2(a) and (b) and Figs. 6 and 7 in [3] , one can find that both AC and RC as functions of ΔT experience the same overall trend (first rising and then declining), as well as both AC and RC as functions of H show a more similar tendency (first increasing and then plateauing). However, the major difference observed is that the optimal ΔT in this paper (2978.40 h) is much closer to the existing field inspection period-three months (2160 h)-of GIS equipment in the TPSS of Wuhan-Guangzhou HSR. It is important to note that the existing field inspection period is an overly conservative strategy to guarantee the maximum reliability without any regard of maintenance cost. As a result, the presented optimal maintenance strategy has properly extended the inspection period to achieve the balance of high reliability (availability) and low maintenance cost. Therefore, the proposed maintenance strategy is not only more suitable for the actual field situation comparing to the optimization results in [3] , but also further improved than the existing actual field maintenance strategy.
As mentioned in [3] , different TPSS has various values of model parameters, leading to a variety of optimal maintenance strategies. In order to explore how the optimization results affected by the changing value of model parameters, a sensitivity analysis should be conducted. Among those model parameters listed in Table I , the sensitivities of λ S , μ Y , σ Y , α, β, L, C I , C D and C M have already been analyzed in [3] , as the same tendencies and results obtained as in this case. Furthermore, the sensitivity analysis results of additional parameters μ Z , σ Z and λ M are illustrated in Fig. 3 .
It can be explored in Fig. 3 that the increasing expectation and variance of shock damage (larger μ Z and σ Z ) both incur declines of average availability per unit maintenance cost (smaller AC), but lead to growths of extreme shock threshold (larger H). This is because more effective accelerations on GIS equipment degradation are caused by shocks with larger average damage sizes and more fluctuant damage scatters. They reduce the average availability level in the long-run time span while claims a higher extreme shock threshold to ensure as short an expected GIS equipment downtime as possible. Although the above impacts of shock damage variance are significantly less than that of shock damage expectation. Obviously, value changes of both shock damage expectation and variance have no effect on the inspection period and δ-shock threshold (stable ΔT and δ), since they are attributed to spatial and temporal parameters respectively. Fig. 3 also shows upward trends of both the average availability per unit maintenance cost (larger AC) and inspection period (larger ΔT ), with the rising rate of maintenance time (larger λ M ). The reason for this result is that a larger rate is equivalent to a shorter expected maintenance time which represents a higher maintenance efficiency. As a result, a higher average availability per unit maintenance cost is reached, and a longer inspection period is allowed to save more inspection cost. Furthermore, extreme shock threshold and δ-shock threshold are not disturbed (constant H and δ) by the changing rate of maintenance time. It implies that the maintenance efficiency has no effect on the decision of the hard failure thresholds.
V. CONCLUSION
This paper presented an advanced failure model as well as a maintenance decision and optimization method for GIS equipment served in the TPSS of HSR, which was specific for the severe traction load condition. Corresponding to the concerns about problems in the actual field situation of TPSS, which were raised in the introduction, the following solutions and conclusions could be addressed.
1) The shocks produced by traction load contributed to both the hard failures and the soft failures, making the degradation and shock process s-dependent. Two non-identically distributed stochastic processes-the gamma process and the compound Poisson processwere introduced to describe the degradation process and the shock process respectively. Moreover, the characteristic function was utilized to describe the soft failure model with s-dependent relationship between these two non-identically distributed stochastic processes. 2) Shocks with either large magnitude or high frequency would cause instantaneous failures of GIS equipment. Two kinds of model-the extreme shock model and the δ-shock model-were presented and united to describe the hard failure model, with the prefixed spatial and temporal thresholds respectively. And both of the thresholds (i.e., H and δ) were treated as the decision parameters in the optimizations of the maintenance strategy.
3) The maintenance activities were incomplete because of the non-ignorable maintenance time. By combining both the reliability and maintainability indices, the index of availability was introduced to measure the performance of GIS equipment in its long-run lifetime span. In order to balance availability and maintenance cost, the average availability per unit maintenance cost was proposed to evaluate the performance of maintenance strategy. After optimizations, the best performance of maintenance strategy, with high availability and low maintenance cost, was achieved by optimal inspection period, extreme shock threshold and δ-shock threshold.
